Abstract. We compute the joint (Taylor) spectrum of an n-tuple of commuting composition operators acting on the Hardy space H 2 .
Introduction
Let A(∆) denote the space of all analytic functions in the unit disk ∆ with the topology of uniform convergence on compact subsets of ∆, and let H be a linear subspace of A(∆). If ψ is an analytic self map of ∆ such that f • ψ belongs to H for all f ∈ H, then ψ induces a linear operator C ψ : H → H defined as C ψ (f ) := f • ψ. C ψ is called the composition operator with symbol ψ.
In [12] we observed that, according to a result of C. C. Cowen (cf. [4] ), if ψ : ∆ → ∆ is a linear fractional map, and the composition operator C ψ is hyponormal, then C ψ is unitarily equivalent to a composition operator with symbol φ of the form φ ≡ φ a := z az + (a + 1)
, with a > 0. (1.1) In fact, any such ψ induces a strongly continuous one-parameter semigroup of subnormal composition operators. More precisely, we may define non-negative powers of C φa by the formula (i) C φ k is hyponormal for some k.
(ii) C Φ is (jointly) subnormal.
Observe that for each a > 0, φ a has Denjoy-Wolff fixed point 0, and a single fixed point, 1, on the boundary. It follows from [5, Theorem 7.30, page 289 ] that the spectrum of C φa is
In this note we compute the Taylor spectrum of a commuting n-tuple (C φ1 , C φ2 , . . . , C φn ), where the φ i 's are as in (1.1).
Joint spectrum
As pointed out in [7] , when dealing with n-tuples of elements in a Banach algebra, the (joint) spectral theory is more complicated. In this case, not only is there a difference between the study of commutative and non-commutative n-tuples, but also there is a distinction between algebraic and spatial joint spectra. The notion of Taylor spectrum belongs to the spatial theory. 
. . , E n are called the creation operators, and they clearly satisfy the property
Λ can be regarded as a Hilbert space if one declares the set
as an orthonormal basis. Then E * i ξ = ξ , where ξ = e i ξ + ξ is the unique decomposition of a form ξ as the sum of an element in the range of E i and an element in the kernel of E * i (actually each E i is a partial isometry, and
. Then we can construct a cochain complex K (A, B) , called the Koszul complex associated to A on B, as follows:
The Taylor spectrum of A on B is then the set
is not exact}.
σ T (A, B) generalizes the one variable notion of spectrum (see Example 2.2(i) below); it is a nonempty compact subset of C n that carries an analytic functional [20] , [21] . The reader can find an excellent account of the Taylor spectrum and its relations with other multiparameter spectral theories in [7] . Example 2.2. Let H be a Hilbert space.
(
is exact if and only if A 1 is one-to-one and onto. Hence in this case, σ T (A, H) = σ(A), the usual spectrum of A.
(ii) Suppose that
Example 2.3. Let (C φ , C ψ ) be a subnormal pair of (commuting operators). Then by Theorem 1.1 
where
Now by setting w := z n (for z = 0) we can write
then we have
We thus observe that the spectral mapping theorem holds in this particular situation.
It is interesting to notice that although the functional relation
was not achieved via a standard functional calculus, such as the Riesz analytic functional calculus, it was still possible in the example above to apply the spectral mapping theorem. The core of the problem is, of course, the fact that the function z → z λ , λ > 0, is not analytic on σ(C φa ). To extend the above result to the general case we will need to combine results from general theory of strongly continuous semigroups of operators, theory of semigroups of composition operators and multiparameter spectral theory (of which Theorem 2.13 will be our main tool).
We now begin by recalling some facts about strongly continuous semigroups of contractions.
Let T = {T (s)} s≥0 be a strongly continuous semigroup of contractions in a Hilbert space H. The infinitesimal generator A of T is defined by 
(ii) λI − A is invertible whenever Re(λ) > 0 and, for such λ,
Conversely, if A is an operator satisfying (λI
− A) −1 ≤ 1/λ for λ > 0
, then there exists a unique semigroup of contractions whose generator is A.
It follows from Theorem 2.4(ii) that A − I is boundedly invertible and it is easy to verify (cf. [1] ) that the operator T defined by
is a contraction. T is called the co-generator (cf. [18] ) of the semigroup T .
From (2.2) it follows that T − I = (A + I)(A − I)
−1 − I = 2(A − I) −1 .
Thus (T −I) −1 exists and A = (T +I)(T −I) −1 . Note that the existence of (T −I)
−1 is equivalent to the fact that 1 is not an eigenvalue of T . The co-generator T can be used instead of A to study the semigroup T . It has the advantage that T is bounded, while A is generally unbounded, and this actually occurs in the case of the semigroups {C λ φa } ; cf. [2] , [17] .
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The following theorem ( [19] , Theorem 8.1) shows an explicit functional relation between T and T . 
Corollary 2.6. Let T be the co-generator of a strongly continuous semigroup T = {T (s)} s≥0 of contractions in L(H). Then
Proof. This is a direct consequence of Theorems 2.4 and 2.5.
The next example (see [11] ) shows the kind of hurdles one might expect when dealing with spectral functional calculus and semigroups. Let T be the co-generator of {T t }. Then T t = e t (T ). Since e 1 (T ) ≡ 0, σ(e t (T )) = {0}. It can be shown, on the other hand, that σ(T ) = {1}. Therefore the expression
does not make sense in general. Moreover, since the set L of limit values of e 1 (z) at z = 1 equals∆, u(σ(T )) may not even be replaced by the set of limit values of u at σ(T ).
In general, weaker spectral mapping relations hold:
Proposition 2.8. (Spectral mapping theorems for semigroups of operators [14] .) Let A be the infinitesimal generator of the strongly continuous semigroup 
||(C
Indeed, it is readily seen that if (T − λ) −1 exists, then
is an inverse for µ − A.
is an inverse for θ(µ) − T. 
Let λ ∈ C be such that Re(λ) ≤ −1/2, set
and let y = f n,λ (z) := (1+z) λ e Pn(z) . Then it is readily seen that y = λ((1+z) n −1) and that
That is,
Choose n such that Re(n + 1
On the other hand, by (1.3) Proof. This is an immediate consequence of Propositions 2.11 and 2.10.
Next we cite a result, due to R. Curto and L. Fialkow [8] , which is crucial to attaining our goal.
Theorem 2.13 (R. Curto -L. Fialkow). Let T be a c.n.u. contraction and let u be such that u(∆) ⊂ u(∆ ∩ σ(T )). Then σ T (u(T )) = u(∆).
By virtue of the preceding discussion, the following proposition is a corollary of the previous theorem. 2 ).
Remarks.
• The function ψ in Theorem 2.14 is equal to φ a with a = 1.
• By (1.3) σ(C ψ ) = {e k e 1 (z) : z ∈ ∆} ∪ {1}.
• Putting w := e k e 1 (z), z ∈ ∆, then σ T (C Ψ ) = {(w λ1 , w λ2 , . . . , w λn )} ∪ {(1, 1, . . . , 1)}.
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